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Coupling �or connection� in complex systems is of crucial importance in determining the system’s dynamics
and realizing certain system’s functions. In this work, we propose a coupling form, partial time-delay coupling
in coupled oscillator systems, in which some oscillators are time-delay coupled and the others remain instan-
taneously coupled, and study its impact on dynamics. We find that the partial time-delay coupling greatly
enlarges the domain of oscillation death island in parameter space. In particular, the smaller the ratio p of
time-delay coupled oscillators, the larger death island is. For a sufficiently large system, a universal amplifi-
cation scaling, R= p−1�0� p�1�, is uncovered. These findings are proved to be very general and suggest that
a tiny amount of time-delay couplings in coupled systems may tremendously change the dynamics of whole
systems.
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Emergent phenomena are omnipresent and spontaneously
appear in ensembles of interacting individual elements �1–3�.
Characterizing these collective behaviors and investigating
transitions from one to another have aroused general interest
among researchers due to their significance for both theoretic
development and various applications. The model of coupled
nonlinear equations provides a simple but powerful math-
ematical means for the study. In this work, we will propose a
coupling form, partial time-delay coupling, and explore its
peculiar effect on system’s dynamics.

Researchers found that under certain conditions, coupled
oscillatory �either periodic or chaotic� systems can cease os-
cillation and transit to steady states. The phenomenon is re-
ferred to as oscillation �or amplitude� death �4–6�. The
steady states can either be those, which exist and are unstable
in the uncoupled system, or be entirely newly created by the
coupling. For the occurrence, at least one of the following
conditions is required: �a� the parameters of coupled systems
are sufficiently disparate �4–9�; �b� the interaction between
coupling units includes a time delay �10–16�; �c� the cou-
pling is dynamic �17,18�; �d� the coupled oscillators evolve
with different time scales �19�; or �e� the oscillators are
coupled via dissimilar �or conjugate� variables �20,21�. Ob-
viously oscillation death plays a crucial role in many impor-
tant dynamical processes of physical, chemical, and biologi-
cal systems. For instance, recent studies have clearly shown
that prior to the synchronization of cell-density-dependent
glycolytic oscillators in yeast �or in large populations of
chemical oscillators�, desynchronization is well characterized
by the disappearance of oscillations �22,23�. A study also
revealed that the oscillation death appears in synthetic ge-
netic networks, coexisting with other rich dynamical behav-
iors, which are significant for improving both adaptability
and robustness of cellular population �24�.

The time-delay-induced oscillation death was first re-
ported by Reddy et al. in 1998 �10�. Since then, this phenom-
enon has been extensively observed in numerous systems,

such as in a pair of electronic circuits �25�, coupled living
oscillators �26�, thermo-optical oscillators �27�, and laser
systems �28�. Most of previous studies have been confined
only to the homogeneous time-delay coupling, with which all
oscillators are connected by an identical-time-delayed �or
distributed-time-delayed �15�� signal. It is natural to ask what
will happen in coupled oscillator systems with partial time-
delay coupling, with which some oscillators are time-delay
coupled and the others remain instantaneously coupled. Be-
cause time delay is ubiquitous in nature, arising due to finite
propagation speeds of signals, the connection with a finite
lag time can be approximated by a time-delay coupling, and
the connection with a very fast propagation speed and con-
sequently a very short time delay can be well approximated
by an instantaneous coupling, such a partial time-delay cou-
pling may naturally occur in realistic situations, as a bridge
linking instantaneous coupling in the absence of any delays
and full time-delay interaction. One may intuitively believe
that partial time-delay coupling can only have a “partial”
weak effect on the overall dynamics; namely, with increase
in the number of time-delayed oscillators affected by the
partial time-delay coupling, the system will be gradually in-
fluenced and become easier for the change in dynamics, such
as the appearance of oscillation death. Our study in this
work, however, gives a completely opposite result.

We start with the following two coupled Landau-Stuart
oscillators:

zj�t�˙ = �1 + iw − �zj�t��2�zj�t� + K�zs�t − �s� − zj�t�� �1�

for j, s=1 or 2, where z1 and z2 are complex, w is the natural
frequency of single uncoupled oscillator, K is the coupling
strength, and �1 and �2 are the time delays. Without coupling
�K=0�, each oscillator shows a stable limit cycle z�t�=eiwt

accompanying with an unstable focus located at the origin
�z=0�. Under appropriate choices of K, �1, and �2, the origin
becomes stable and oscillation death occurs. According to
the analyses of previous studies �6,10�, oscillation death is
impossible for �1=�2=0 and large death islands can be found
for �1=�2=��0 on the �� ,K� plane. For arbitrarily chosen �1*Corresponding author; zhanmeng@wipm.ac.cn
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and �2, following the analysis of Reddy et al. �10�, we obtain
the following death boundary curves:

�1 + �2

2
=

cos−1�1 − 1/K�
w − �2K − 1

,

�1 + �2

2
=

� − cos−1�1 − 1/K�
w + �2K − 1

. �2�

Obviously, the death regions are determined only by the
average of the two delays �1 and �2, and we immediately find
that the death island for �1=� and �2=0 �the partial delay
coupling between the two coupled oscillators� expands ex-
actly twice along the � direction as that for �1=�2=� �the full
delay coupling�. The result is shown in Fig. 1 with w=10
chosen and fixed throughout the Rapid Communication, and
the expansion direction is emphasized by a horizontal arrow.
Similar result can be found for larger w, with which more
than one death island is possible.

Next we consider the globally coupled N Landau-Stuart
oscillators

zj�t�˙ = �1 + iw − �zj�t��2�zj�t� +
2K

N
�
s=1

s�j

N

�zs�t − �s� − zj�t��

�3�

for j=1, . . . ,N. Equation �3� can degenerate to Eq. �1� for
N=2, �1=�, and �2=0. For convenience, we introduce p as
the ratio of time-delay coupled oscillators. Without losing
generality, we set �s=� for j=1, . . . , pN and �s=0 for
j= pN+1, . . . ,N. Thus, the oscillators in the coupled system
are divided into two parts based on their different time-delay
relations with the rest: the oscillators from 1 to pN receive
time-lagged information from all other oscillators, and oppo-
sitely the oscillators from pN+1 to N are instantaneously
coupled with all others.

For one extreme case: the full time-delay coupling
�p=1�, the explicit result has already been obtained by
Reddy et al. �10� with the oscillation death island boundaries
described by

� =
cos−1 q

w − �4Kb − 1
, � =

2� − cos−1 q

w + �4Kb − 1
,

� =

cos−1� b

b − 1
q	

w + �r
, � =

2� − cos−1� b

b − 1
q	

w − �r
, �4�

where q=1−1 / �2Kb�, r=4K2−1+4Kb�1−2K�, and
b=1−1 /N. For 0� p�1 �the partial time-delay coupling�,
however, no explicit forms of death boundaries are available
and we have to rely on numerical simulations.

The numerical results for N=3 and N=4 are given in
Figs. 2�a� and 2�b�, respectively. To our surprise, the expan-
sion of death island for smaller p occurs again, but the di-
rection becomes sloped, as illustrated by the arrows in Fig. 2.
In this respect, again the oscillation dynamics is greatly
changed for smaller p.

This pattern keeps for a sufficiently large N, but the ex-
pansion for p from large to small becomes stretching exactly
along the vertical direction on the �� ,K� parameter space. As
an example, the oscillation death islands for different p’s and
fixed N=200 are illustrated in Fig. 3�a�. A vertical arrow is
added to guide the eyes. To quantify this size enlargement,
we introduce a normalized amplification factor R=Sp /Sp=1,
where Sp denotes the area of death island for any p and Sp=1
for p=1. Obviously, for the extreme case, p=0 �the instan-
taneous coupling�, R=0, and for the other extreme case,
p=1 �the full time-delay coupling�, R=1. For 0� p�1
�the partial time-delay coupling�, our numerical experiments
show a clear reciprocal relation between p and R, i.e.,

R = p−1, �5�

which can be seen from Fig. 3�b�, where the theoretical value
�solid line� is in good agreement with the numerical result
�squares� from Fig. 3�a�. Clearly it is distinct from our intui-
tive idea for a monotonic increase relation of p and R. To
emphasize the high jump of R from zero to a large value
around p=0 and the slow damping value R�R=1� at p=1, we
use a circle and a triangle to show their differences. Note that
the scaling law �Eq. �5�� is nearly unchanged if we increase

FIG. 1. �Color online� The oscillation death islands of coupled
system �1� for the full time-delay coupling ��1=�2=�, p=1, the left
one� and the partial time-delay coupling ��1=�, �2=0, p=1 /2, the
right one�. The expansion direction is horizontal as illustrated by the
arrow. N=2.

FIG. 2. �Color online� ��a� and �b�� The oscillation death islands
of coupled system �3� for N=3 and 4, respectively. Now the expan-
sion directions become sloped as shown by the two arrows.
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N further, and it is expected to be valid for any sufficiently
large N. It is also notable that in numerical simulations, ran-
dom initial conditions have been used, which signals that the
time-delay-induced steady states within the oscillation death
islands are not only locally but also globally stable.

Below we give a solid support for this scaling, by per-
forming rigorous mathematical analysis. Assuming that
coupled system �3� is divided into two groups, in which all
elements are identical, and setting zj =A�j=1, . . . , pN� for the
time-delay coupled elements and zj =B�j= pN+1, . . . ,N� for
the others, we have

A�t�˙ = �1 + iw − �A�t��2�A�t� + 2K�p −
1

N
	�A�t − �� − A�t��

+ 2K�1 − p��B�t − �� − A�t�� ,

B�t�˙ = �1 + iw − �B�t��2�B�t� + 2Kp�A�t� − B�t�� . �6�

Then the reduced system can be easily treated. Similar treat-
ment can be found in Ref. �29� for the analysis of age phe-
nomenon. Its characteristic equation about the origin
�A=B=0� is given by

�2 − �� + � = 0, �7�

with

� = 2
1 − K − Kp +
K

N
+ K�p −

1

N
	e−�� 	 iw� ,

� = �1 − 2K +
2K

N
	 iw	�1 − 2kp 	 iw�

+ 2Ke−��
p�1 − 2K +
2K

N
	 iw	 −

1

N
�1 	 iw�� .

For an infinitely large N�N→
�, the eigenvalues can be ex-
plicitly expressed as

� = 1 − 2K 	 iw ,

� = 1 − 2Kp 	 iw + 2Kpe−��. �8�

Therefore, the critical curves of oscillation death island are
determined by

K �
1

2
,

� =
cos−1�1 − 1/�2Kp��

w − �4Kp − 1
,

� =
2� − cos−1�1 − 1/�2Kp��

w + �4Kp − 1
. �9�

As a result, the combined term of Kp in the above equations
clearly demonstrates our numerical observations in Fig. 3 for
both the vertical expansion direction and the magnification
scaling in Eq. �5�.

More interestingly, all of the above results are not re-
stricted to the specific oscillator model, the Landau-Stuart
oscillator in Eq. �1�, and they hold fairly generally irrespec-
tive of the nature of single oscillator. Consider the general
form of globally coupled oscillators

Ẋj = F�Xj� +
2K

N
�
s=1

s�j

N

��Xs�t − �s� − Xj�t�� �10�

for j=1, . . . ,N, where Xj �Rn is the state vector of the jth
element and � is a nn constant linking matrix. Again, the
ratio of the time-delay coupled oscillators is set to be p. The

dynamical system Ẋ=F�X� is generally capable of exhibiting
nonstationary �periodic or even chaotic� behavior coexisting
with an unstable focus X�. Denoting a pair of leading conju-
gate characteristic eigenvalues associated with the unstable
X� are �R	 i�I ��R�0 and �I�0�, and assuming a unit ma-
trix �, it is not difficult to get the following analytic results.

�i� If p=0, the oscillation death state Xj =X� is always
unstable. Thus, we can never find death in the coupled iden-
tical oscillators without time-delay interactions.

�ii� For N=2, the death island boundaries are given by

�1 + �2

2
=

cos−1�1 − �R/K�

�I − �2K�R − �R
2

,

�1 + �2

2
=

� − cos−1�1 − �R/K�

�I + �2K�R − �R
2

. �11�

Hence the feature of �-direction expansion two times from
the full time-delay coupling �p=1� to the partial time-delay
coupling �p=1 /2� is unchanged.

�iii� For p=1 �N�3�, the death island boundaries are

� =
cos−1q

�I − �4Kb�R − �R
2

, � =
2� − cos−1q

�I + �4Kb�R − �R
2

,

FIG. 3. �Color online� �a� The same as Fig. 2 for N=200 instead.
The death islands expand greatly and exactly along the vertical
direction. �b� The normalized amplification factor R is plotted with
p, with the data obtained from �a� �square points� and the fit �solid
line�, R= p−1. To emphasize the two extremes at p=0 �R=0� and
p=1 �R=1�, a circle and a triangle points are superimposed.
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� =

cos−1� b

b − 1
q	

�I + �r
, � =

2� − cos−1� b

b − 1
q	

�I − �r
, �12�

where q=1−�R / �2Kb�, r=4K2−�R
2 +4Kb��R−2K�, and

b=1−1 /N.
�iv� For an infinite system �N→
�, the death island

boundaries are determined by

K �
�R

2
,

� =
cos−1�1 − �R/�2Kp��

�I − �4Kp�R − �R
2

,

� =
2� − cos−1�1 − �R/�2Kp��

�I + �4Kp�R − �R
2

, �13�

which clearly reveals that partial time-delay coupling en-
larges the death island p−1 times in the coupling strength K
direction compared with that of the full time-delay coupling
�p=1�.

All of the analytical results have been well tested by our
numerical simulations with several specific oscillator mod-
els. Quite similar phenomena are observed even for nonunit

linking matrix �. The same as the global coupling studied in
the Rapid Communication, for the nearest-neighbor diffusive
coupling, we find that substitution of even one connection of
instantaneous coupling with time-delay coupling indeed en-
larges the death island tremendously. The remarkable finding
of enlargement for general dynamical system �10� and any
oscillator number N �Figs. 1–3� could shed an improved light
on our understanding of �partial� time-delay coupling in
coupled systems. As the instantaneous coupling �p=0� and
the full time-delay coupling �p=1� are two extreme cases
keeping their full symmetries, and all partial time-delay cou-
plings �0� p�1� correspond to intermediate cases, it is rea-
sonable to understand that the introduction of just a single
time-delayed oscillator into the system with the most asym-
metrical structure can have the most dramatic effect. The
oscillation elimination by the input of a tiny amount of time-
delay couplings �particularly, even one time-delay connec-
tion in some cases� may be properly used in dynamical con-
trol with a strikingly high efficiency and may have already
been exploited by nature such as cellular population for the
variation in certain biological functions �22–24�.
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